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Abstract. We study the global existence issue for the two-dimensional Boussinesq system with 
horizontal viscosity in only one equation. We first examine the case where the Navier-Stokes 
equation with no vertical viscosity is coupled with a transport equation. Second, we consider a 
coupling between the classical two-dimensional incompressible Euler equation and a transport- 
diffusion equation with diffusion in the horizontal direction only. For the both systems and for 
arbitrarily large data, we construct global weak solutions a la Leray. Next, we state global well- 
posedness results for more regular data. Our results strongly rely on the fact that the diffusion 
occurs in a direction perpendicular to the buoyancy force. 



The Boussinesq system describes the influence of the convection (or convection-diffusion) 
phenomenon in a viscous or inviscid fluid. It is used as a toy model for geophysical fluids 
whenever rotation and stratification play an important role (see for example J. Pedlosky's book 
|23|). In the two-dimensional case, the Boussinesq system reads: 



Above, u = u(t,x) denotes the velocity vector-field and 9 = 9(t,x) is a scalar quantity such 
as the concentration of a chemical substance or the temperature variation in a gravity field, in 
which case 9 e 2 represents the buoyancy force. The nonnegative parameters k and v denote 
respectively the molecular diffusion and the viscosity. In order to simplify the presentation, we 
restrict ourselves to the whole plan case (that is the space variable x describes the whole M 2 ) 
and focus on the evolution for positive times (i.e. t € 

In the case where both k and v are positive, classical methods allow to establish the global 
existence of regular solutions (see for example [H HH]). On the other hand, if k = v = then 
constructing global unique solutions for some nonconstant 9q is a challenging open problem (even 
in the two-dimensional case) which has many similarities with the global existence problem for 
the three-dimensional incompressible Euler equations. 

The intermediate situation where the diffusion acts only on one of the equations has been 
investigated in a number of recent papers. Under various regularity assumptions on the initial 
data, it has been shown that for arbitrarily large initial data, systems (-B K ,o) with n > and 
(Bq iV ) with v > admit a global unique solution (see for example [T| 171 [131 [Tit [15 | fT9l f20] ) . 

In the present paper, we aim at making one more step toward the study of the system with 
k = v = by assuming that the diffusion or the viscosity occurs in the horizontal direction and 
in one of the equations only. More precisely, we want to consider the following two systems: 
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1. Introduction 





(1) 



'd t 9 + u-V9 = 

< d t u + u ■ Vu - vd\u + VIT = 9 e 2 
divu = 



and 

r d t e + u-ve-Kdle = Q 

(2) <d t u + u-Vu + VU = 9e 2 

divu = 0. 

v 

Let us stress that the anisotropic viscosity or diffusion assumptions are consistent with the 
study of geophysical fluids. It turns out that, in certain regimes and after suitable rescaling, the 
vertical viscosity (or diffusion) is negligible with respect to the horizontal viscosity (or diffusion) 
(for more details, one may refer to [H]). For the standard three-dimensional incompressible 
Navier-Stokes equations, the first mathematical results concerning anisotropic viscosity have 
been obtained in [101 122j . 

On the one hand, it is clear that small variations over the classical methods for solving quasi- 
linear hyperbolic systems would give local well-posedness for Systems ([I]) and ([2]) with initial 
data in Sobolev spaces with suitably large index. On the other hand, since diffusion occurs in 
only one direction and one equation, it is not obvious that those solutions are actually global. 
The present paper is dedicated to the study of global existence for the initial value problem 
associated to Systems ([T]) and ([2]) with (possibly) large initial data. 

In order to state our main result pertaining to System ((T]), let us introduce the set y/~L of 
those functions / which belong to every space L p with 2 < p < oo and satisfy 



(3) 11/11^:= sup ^<oo. 

p>2 VP- 1 

Theorem 1. Let s G]l/2, 1]. For all function 9q G H s D L°° and divergence free vector-field 
uq G H 1 with vorticity ujq := diVQ — d2V^ in VX, System ([T]) with data (9q,uq) admits a unique 
global solution (9,u) such tha% 9 G C W {R+; L°°) n C(R + ; H s ~ £ ) for all e > and 

u G C W (R+; H 1 ), lo G L^ C (R + ; and Vu G Lf oc (R + ; VI). 

Remark 1. The assumption that 9$ £ H S (R 2 ) for some s > ^ is needed for uniqueness only. It 
turns out that for less regular initial data one can construct finite energy global weak solutions 
to System ([I]), in the spirit of those which have been obtained by J. Leray for the standard 
Navier-Stokes equation in his pioneering paper |21j . 

We shall also establish a global well-posedness results for smooth initial data. 

Let us now state our main result pertaining to System ([2]): 

Theorem 2. Let 1 < s < | and 9q G H 1 such that \d\\ s 9o G L? . Let uq be a divergence free 
vector-field with coefficients in H 1 and vorticity loq in L°° . Then System ([2]) with initial data 
(9o,uq) admits a global unique solution (9,u) in C W (R-|-; if 1 ) such that, in addition, 

9 G L°°(M + ; H 1 ), \d\\ s 9 G L°°(R + ; L 2 ), oj G L^ C (R + ; L°°) 
d 1 9 G L\R + ;H l ), 18^9 G Lf oc (R + ;L 2 ). 

Notation 1. In the above statement, operator \di\ a is defined as follows: 



\9ivm : =4^/ e*"*ieir/(o«- 



Remark 1. Further in the paper, we shall also state the global existence of finite energy weak 
solutions corresponding to less regular initial data (see Theorem 1 10p . 

Remark 3. Like in [T5], in all the statements pertaining to System d2|), one may replace the 
assumption that uq G L 2 (which is slightly restrictive since in the case ujq G L 1 it implies that 
J R2 dx = 0) by (uo — a) G L 2 for some fixed smooth stationary radial solution a to Euler 
equations. For the sake of simplicity however, we here restrict ourselves to the case where uq is 
in L 2 . 



4n all the paper, we agree that if X is a reflexive Banach space, and / C R, an interval then C w (I; X) stands 
for the set of weakly continuous functions on / with values in X. 
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Let us emphasize that, in contrast with the previous studies devoted to the Boussinesq system, 
all the results presented here strongly rely on the fact that the buoyancy force is vertical. As 
a matter of fact, it is not clear at all that if the direction of the force is changed then having 
horizontal diffusion allows to improve significantly the results compared to the case k = v = 0. 

Let us now briefly explain where the direction of the buoyancy force comes into play, and 
give an insight of the main arguments that we used in the proofs. In the case of System ([T]), the 
vorticity uj := d\u 2 — c^u 1 satisfies 

dtoo + u ■ Vuj — ud\uj = d\9, 

from which we easily get (at least formally) 



1 d f 

oHlMlla + Hl^lHlia = - / Odiujdx. 

i at ' - j R 2 



Taking advantage of the Young inequality and of the fact that ||#(£)||l2 < ||#o||l 2 > it is thus 
possible to get a bound for u in L^ C (]R + ; L 2 ). In fact, it turns out that similar arguments enable 
us to bound stronger norms of the solution so that it will be possible to prove the global existence 
part of Theorem [H As the velocity field that we have constructed fails to be Lipschitz, proving 
uniqueness requires our using losing estimates for transport or transport-diffusion equations in 
the spirit of El IE9 E3J ■ 

If we consider System ([2]) then the vorticity equation reduces to 

dtui + u ■ Vuj = d\Q, 

so that one may write 

\ Jt Mh = J d x e uj dx. 

Now, it turns out that the temperature equation in System ^ provides us with the following 
bound: 

||e(t)||i 2 +2K^ < ||5i^(r)|li 2(M2) (ir<||^ ||i 2 . 

Therefore, using Young's inequality, it is still possible to get a global control on u in L^ C (M + ; L 2 ). 
In order to get a global result with uniqueness however, we have to consider initial data with 
much more regularity. Indeed, we have to observe that System ([2]) contains the Euler system as 
a particular case (just take = 0) so that, according to Yudovich result in [21] one can barely 
expect to have uniqueness if the vorticity is not in L°°. Now, from the vorticity equation, it is 
clear that bounding the vorticity in L°° requires that d\6 is in Lf L°°) . If we assume 
that 6 <E H 1 ) then we shall be able to prove that the horizontal smoothing effect ensures that 
V# is in L 2 oc {W + ; H 1 ). As the space H 1 fails to be embedded in L°° however, we will have 
to assume even more regularity in the horizontal direction, and to check that this additional 
regularity is preserved for all positive time. These plain considerations explain the assumptions 
made in the statement of Theorem [2 As for uniqueness, it will follow from adaptations of the 
Yudovich method in l2i 



The paper unfolds as follows: section [2] is devoted to the study of System (JTJ) whereas Section 
[3] deals with System ([2]). A few technical lemmas have been postponed in the final section of the 
paper (in particular losing a priori estimates for transport equation with anisotropic diffusion). 

As usual, we agree that C denotes a harmless positive constant, the meaning of which is clear 
from the context. 

2. The case of an horizontal viscosity 

This part is devoted to the study of the initial value problem for System (pQ) under various 
regularity hypotheses. We aim at getting global results for possibly large data. 

More precisely, in the first subsection, we prove that for any data (^Oj^o) £ L 2 x H 1 with 
divito = 0, System ([T|) admits at least one global solution with finite energy. The next subsection 
is devoted to a local well-posedness result for smooth data, together with a continuation criterion 
involving the L°° norm of (9,Vu). In subsection 12.3^ we state a sharper continuation criterion 
involving a weaker norm of the velocity which is (formally) controlled for all time by System 
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([T]). This will enable us to state that the system is globally well-posed in Sobolev spaces with 
large enough index (see Theorem [5]) . The last two subsections are devoted to the proof of our 
global existence and uniqueness result for rough data (namely Theorem [TJ. 

2.1. Global weak solutions. In order to motivate our statement, let us first write out the 
"natural" energy estimates associated to System ((TJ. 
On the one hand, because div u = 0, we have 

(4) \\e{t)\\ L 2 < ||0 o || i2 . 

On the other hand, taking the L 2 inner product of the velocity equation with u, we find that 

\j t [}< t ^l 2+2v J IMiadr) <\\e\\ L 2\\u\\ L 2. 
Using Gronwall lemma and (jl]), we thus get 

(5) \\u{t)\\ 2 L2 +2v f \\d lU \\ 2 L2 dT < {\\u Q \\ L 2 +t\%\\ L 2) 2 . 



Let us stress the fact that the above energy bounds imply that all the components of Vu except 
b^u are smoothed out for positive time. Indeed, combining the Lf oc (R + ;L 2 ) bound for b\u 
which is available from ^ with the fact that divu = ensures that d\u l d\u 2 and b\v? are 
in L 2 oc (]R + ; L 2 ). However, as the last component c^it 1 is unlikely to be bounded in L 2 oc (R + ; L 2 ) 
if no stronger assumption, it is not clear that one may construct global weak solutions for L 2 
data (in contrast with the standard Navier-Stokes equations |21| or with the Boussinesq system 
with isotropic viscosity [13]). 

This induces us to consider initial velocity fields in H 1 . Now, in order to get a global bound 
for the H 1 norm of the velocity, one may consider the vorticity equation 

(6) dtoo + u ■ Vuj — vd\ui = d\6. 

Combining an energy method with Young's inequality, we get 

' d "u;||| 2 +z/||cH| 2 2 = - f 0dm dx < ^\\dM\ 2 L2 + ±-\\8\\ 2 L2 . 



2dt 
Therefore, 



whence, according to dH), 



d »u\\l 2 +v\\diuj\\ 2 L2 < -\\9\\ 2 L2 , 



dt 



(7) \Ht)\\ z L2 + v \ \\dm\\l. dr < \\uoWh + -Po\\h- 

Jo v 

In short, one may formally bound u in Lf^ c (m. + ]H 1 ) and 9 in L°°(M + ;L 2 ) which leads to the 
following statement. 

Theorem 3. Let u$ G H 1 be a divergence free vector-field and 9q G L 2 . System (pQ) has a 
unique global solution (9, u) such tha^ 

(8) 9 G C b (R + ; L 2 ), u G C W (M+; H 1 ) and u 2 G Lf oc (R + ; H 2 ). 

Proof: It is only a matter of making the above computations rigorous. For that, one may for 
instance use the Friedrichs method: define the spectral cut-off J n by 

^?(0 = l[o,«](l€l)/(0, n>h 
and solve the following ODE in the space L 2 := {/ G (L 2 (R 2 )) 3 / supp/ C B(0,n)} : 

'd t 9 + J n div(J n 9J n u) = 0, 

(9) < d t u + VJ n div (V J n u ® VJ n u) - ud 2 VJ n u = VJ n (9e 2 ), 

^(9,u)\ t=0 = J n (9 ,u ). 



2 We agree that if X is a Banach space, and /cR, an interval then Cb{I\X) stands for the set of continuous 
bounded functions on I with values in X. 
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From the Cauchy-Lipschitz theorem, we get a unique maximal solution (9 n , u n ) in C 1 ([0, T* [; L 2 ). 
Because J 2 = J n , V 2 = V and J n T = VJ n , we discover that (9 n ,Vu n ) and (J n &n, JnU n ) are 
also solutions. By uniqueness, we thus have Vu n = u n (i. e. divu n = 0), J n u n = u n and 
Jn^n = On- Therefore, 

dtO n + Jn div (9 n u n ) = 0, 

(10) < d t u n + VJ n div (u n &> it n ) - ^<9 2 u„ = VJ n {9 n e2), 

divu„ = 0. 

As Operators J n and "PJ n are orthogonal projectors for the L 2 inner product, the above formal 
calculations remain unchanged. Therefore, we still have as before 

(11) l|0n(*)Hx,2 = [|Jn0o[li2 < ll^oll^, 

dr < (\\uo\\ L 2 + t H^oIIl 2 ) • 

J o 

This implies that (9 n: u n ) remains bounded in L 2 for finite time, whence T* = +oo. 
Next, applying the curl operator to (fTU|) 2 . we get 

d t io n + J n (u n ■ Vuj n ) - vd\uj n = d\9 n with uj n = diu 2 n - d 2 u\. 

Arguing as for proving (JJj), we thus get 

ft i 

(13) \Mt)f L 2+V \\dlUn\\l*dT<\\u Q \\li + -\\9 \\l2. 

Jo v 
This implies that (w n ) n£ N is bounded in L^ C (M + ; L 2 ). Now, it is well known that the divergence- 
free property entails that 

||Vu n || i2 = \\ui n \\ L 2 et An 2 = diio n . 

So one can conclude that 

• {6n)nen is bounded in L°°(R + ; L 2 ), 

• {u n )neN is bounded in L^ C (M+; H 1 ), 

• {u 2 ) neN is bounded in Lf 0C (R + ;H 2 ). 

This is enough to pass to the limit (up to extraction) in (|10p . Indeed, putting together the 
continuous embedding H 1 =— > L 4 and Holder inequality, we see that the first two properties imply 
that (0 n u n ) n <zfs is bounded in L* oc (R + ; La) whence, by embedding, in Lj oc (R + ; H~v). Therefore 
{dt9 n ) n m is bounded in L 4 0C (R + ; H~z). Likewise, (d t u n ) n( z?q is bounded in L 2 QC (M_|_ j H ^). Since 

the embeddings H~2 ^ L 2 and H^ 1 <— > i? 1 are locally compact, the classical Aubin-Lions 
argument (see e.g. [2]) allows to conclude that, up to extraction, sequence (9 n ,u n ) n& ^ has a 
limit (0, u) satisfying System ([T]) and that 

9 G L°°(M + ; L 2 ), u E L^ C (M+; H 1 ) and u 2 G L 2 oc ( K +; # 2 )- 

From standard arguments relying on the time continuity of (0, u) in low norms, it is easy to 
prove the weak time continuity result. Finally, since 9 is transported by the flow of a divergence 
free vector-field with coefficients in L 2 oc (M + ; H 1 ), we get in addition that 9 G C(W+;L 2 ) (see 
e.g. [16]). ■ 

2.2. Local smooth solutions. Here we aim at proving the local well-posedness for System ([T]) 
with initial data (9q,uo) in .£P -1 x H s for some s > 2. 

The proof will follow from an energy method once the system has been localized in dyadic 
frequencies. This localization may be done by means of a nonhomogeneous Littlewood-Paley 
decomposition. In order to define the dyadic blocks A q used in this decomposition, one may 
proceed as in [5]: starting from a couple (Xif) °f smooth nonnegative functions such that 

Su PPX c{£eM 2 /|£| <4/3}, Supp^c{eGM 2 /3/4< |£| < 8/3}, 

X(0 + X>Cr 9 = 1 for all £eK 2 , 

q>0 
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we set 

A q :=0 if q < -2, A_i := x{D) and A q := (p(2~ q D) if q > 0. 
We also introduce the low frequency cut-off 

S q := A « 

p<q~l 

and (for technical purposes) the modified low frequency cut-off S q defined by 
(14) 5_i = A_a = S and S q = S q if q + -1. 

It may be easily checked that 

u = ^-q u f° r an tempered distribution u 

g>-i 

and that the set of tempered distributions u satisfying 

i 

< cx 

V <?>-1 



^2 2 -||A^||| 2 ) 5 < 



coincides with the Sobolev space H s , the above left-hand side defining a norm equivalent to the 
usual one. 

Let us now state the main result of this subsection: 

Proposition 4. Let (0q,uq) be in H s ~ l x H s with s > 2. Assume that divuo = 0. There exists 
a positive time T depending only (continuously) on v and on \\(9q,uq)\\jjs-i such that System 
(H|) admits a unique solution (6,u) in C([0, T]; H 3 ' 1 x H s ). Moreover, u 2 G L 2 ([0, T];H S+1 ). 

Proof: The uniqueness is a straightforward consequence of a more general result (see Proposition 
|9|) the proof of which is postponed to subsection 12.51 So let us focus on the existence part of the 
above proposition, which is mostly a consequence of the fP -1 x H s a priori estimates associated 
to System ©. 

1. A priori estimates in H s ~ l x H s . Let (6,u) G C 1 ([0, T];H°°) satisfy CD). We claim that 
there exists a constant C depending only on s and such that for all t G [0, T], we have 

(15) 11(0,^)11^+^ f\\dM\ 2 H^dr< 11(00,^0)11^-1 e^e^/olKWIUoc 

JO 

Indeed, applying operator A q to the equation satisfied by yields 

d t A 9 + 5g_iu-VAg0 = F g (u,0) with F,(u,0) := ~S q -iu- V A q 6 - A q (u-V6). 

Taking the I? inner product of the above equality with A q 9 and using the divergence free 
condition, we thus get 

\j t \\A q e\\l,<\\F q {uML4\nv- 

In the appendix (see Inequality (|68|) ). we state that 

\\F q (u,0)\\v < C(||V«|U« ^ 2^'||A^0|| L2 + ||0|| LO o ^ IIA^Hin). 

9'><?-4 k'-?|<l 

Plugging this inequality in (|35H then multiplying both sides by 2 29 ( s_1 ) and summing up over 
q > —1, we get 

(16) — ||0||^ s _i < C || Vu||loo ||0||^ s _ 1 + ||0||ioo ||o;||/fg-i| 



In order to get a iP 1 estimate for u, one may apply A q to the vorticity equation. With the 
above notation, we get 

dtAgU + S q -\u ■ VA q uj — vd\A q io = d\A q + F q (u,u). 
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Taking the L inner product of this inequality with A q uj and using once again the divergence 
free condition, we get after integration by parts, 

1 d 



2dt 

Now, we notice that, by virtue of the Young inequality, 

|A„0 " 



J A q 9diA q uo dx + J F q (u,uj) 



A q u\\ 2 L 2 + v\\d\ A q oj\\ 2 L2 = — I A q 9diA q ujdx+ I F q (u,uj)A q uj dx. 



-J A q dd x A q udx < q J L2 + -Wd^uWiz, 



and, according to ([70 



\\F q {u,u)\\ L 2 <C||Vu|| L oc 2 q - q '\\A q ,L;\\ L 2. 

q>>q-4 

Therefore 

^\\A q uj\\ 2 L2 + vWdiAguW 2 ^ < i/- 1 [|A,e||^ a +C||A 9 cj|| L 2||Vu|| L oc ^ 2 q ~ q ' \\A q ,u;\\ L 2. 

q'>q-4 

Multiplying both sides by 2 2<? ( s_1 ) then summing up over q > — 1, we end up with 

^[M|;h- b _i + z/ ||^i^|Ih's-i < + C||Vit[|L«,[|a;[|^ g _i. 

It is now clear that adding up this latter inequality to (|16[) then applying Gronwall lemma 
completes the proof of Inequality (fT5|) . 



2. The proof of local existence. One can use again the Friedrichs method introduced in the proof 
of Theorem [3j As Operators J n are orthogonal projectors for all Sobolev spaces, they do not 
modify the energy estimates leading to Inequality (|15|) . Therefore, the approximate solution 
(8 n ,u n ) to (fTUj) satisfies 



||(0 n ,w»)(t)|&.-i+i> f \\d l u n \\ 2 H .- 1 dr< ||J„(0 o ,wo)|&.-i ei e c 
Jo 



Of course, the L 2 norm of u n is controlled by virtue of (I12p . As s > 2, the space iiP -1 
continuously embeds in L°°. Since ||V?/ n ||#s-i = the previous inequality thus entails 

that 

X n {t) < ||(0 o , Wo )||^-i e^e C fo x n(T)dT with x 2 n {t):=\\{e n ,uo n ){t)\\ 2 H ^+v \\&yu n f H ^dT. 

Jo 

This inequality may be easily integrated into 

exp^-C^ X n (r) dr^j > 1 - 2CuX e^ for all t > 0. 
Therefore, there exists a c > such that if we set 
(17) T:=2ulog' 
then 



v\\(Oo>uo)\\h' 



• (fn)neN is bounded in L°°([0, T];iT s_1 ), 

• («n)r»eN is bounded in L°°([0, T]; # s ), 

• (u 2 )„ eN is bounded in L 2 ([0,T]; H s+1 ). 

Mimicking the compactness argument used for proving Theorem one can now conclude that 
there exists a solution (9,u) satisfying (0,u) £ L°°([0, T\\H B ~ 1 x H s ) and u 2 £ L 2 ([0, T];H S+1 ). 
The time continuity follows from the fact that 9 and uj satisfy transport equations with .fP -1 
initial data and a L 2 ([0, T]; fP -1 ) source term. This completes the proof of Proposition 01 ■ 



2.3. Global smooth solutions. Here we aim at proving that the local smooth solutions which 
have been constructed so far may be extended to all positive time. Exhibiting a polynomial 
control of ||Vu(t)|| (where the space \[L has been defined in ([3])) is the cornerstone of this 
extension. More precisely, we shall first prove that the L 1 ([0,T];LL) norm of Vu with 

(18) LL := {/ G S'/\\f\\ LL := sup < oo) 

controls the Sobolev regularity of the solutions to System ([T]). Next, we shall state that, under 
the hypotheses of Proposition U the norm of Vu in L 2 ([0, T]; yL) (which is stronger to the 
L 1 ([0, T\\ LL) norm) may be bounded for all time by a fixed polynomial the coefficients of which 
depend only on low norms of the data, and on v. Combining this with Proposition S] will lead 
to the following global existence statement: 

Theorem 5. Let (9q,uq) be in H s ~ l x H s for some s > 2. Assume that divuo = 0. Then 
system (pTJ) has a unique global solution (9, u) such that 

(9, u) G C(K+; H s ~ l x H s ) and u 2 G L 2 oc (R + ; H s+1 ). 

As a first step for proving Theorem let us show the following lemma: 

Lemma 6. Let (9,u) be a solution to (P) in C([0, T); H a ~ x x H s ) with s>2. If 

[ \\Vu(t)\\ LL dt < oo 

J 

then (9,u) may be continued beyond T into a smooth solution of ([T]). 

Proof: Putting together the lower bound for the lifespan of (9, u) given by (|17p and the unique- 
ness of smooth solutions, it suffices to state that under the assumptions of the lemma, we have 

sup (||0(t)|| H .-i + ||w(t)|| H .-i) < oo. 

0<t<T 

First, as 9 is transported by the vector- field u (which is lipschitz for s > 2 implies H s ~ l <^-» L°° ), 
we get the following control: 

||0(t)||i,oo = ||flolU« for all t G [0,T). 
In consequence, Inequality (fT5l) ensures that 

(19) \\{e,u){t)\\ 2 Hs ^+v f WdM^drK 11(^0,^0)11^-1 e^+^olUoc^gC^HV.IUood^ 

J o 

On the other hand, in the appendix, it is shown that 

(20) ||Vu|| L oo < C(l + ||Vu|| LL log(e + 
Putting together (HU and ([20]), we deduce that for all t G [0,T), 

log(e + \\{9,uj){t)\\ 2 Hs ^) < log(e + \\(9 , Uo)f H .-i) + C(l + v~ x + \\9 \\ L ~)t 

+C [ \\Vu\\ LL log(e+\\(e,u)(t)\\ 2 Hs .,)dr, 
Jo 

whence, according to Gronwall Lemma, 
log(e + \m<j)(t)\\H.-i) < ( lQ g( e + 11(^0,^)11^-!) + C(l + V- 1 + PvU^ty & HVullx.i*-. 

As the argument of exp is, by assumption, bounded for t G [0, T), we gather that (9,u) G 
L°°([0, T); iP" 1 ), which completes the proof of the lemma. ■ 

The next step involves showing that the norm used in the previous lemma is controlled by 
the system. In fact, we shall state a slightly more accurate result: 
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Lemma 7. Let (9,u) be a solution to (pQ) in C([0,T); H 2 x H 3 ). There exists a continuous 
function f : M + — > M + depending only (continuously) on u, ||wo||z,2, ||^o||L 2 nL 00 an d ll^oll^/X 

J WVuf^j-dt < f(t) for all te[0,T). 

Proof: Let us first notice that, because divu = and u is Lipschitz, we have 

(21) \\e(t)\\ LP = \\0 O \\ LP for all pG[2,oo] and t € [Q,T). 
In order to get a control of Vu in L 2 ([0,T); \/X), we are going to state that 

(22) \Mm 2 ^<\\"o\\ 2 ^ + ^\\e \\ 2 L2nLoa . 

For showing that, one may multiply the vorticity equation with |a;| p-2 u; and perform a space 
integration. As our hypotheses on the solution entail that lo G C 1 ([0, T); H 1 ) and thus uj G 
C\[0,T);L p ) for all p G [2,+oo), we get 

\jt j \° J \ Pdx + (P- 1 ^j\ d ^\ 2 \ UJ \ P ' 2dx ^(P- 1 ) f |0Piw||w| p - 2 dx, 

< {p-i)v j \d l o J \ 2 \oj\ p - 2 dx + ^- j \e\ 2 \u\ p ~ 2 dx 



Therefore, 



hence, by virtue of (f2"Tj) . 



d II l|2 / f P~ l 

dt MLP -[^r' n " nLi ' 



|2 



\Ht)\\h < \\Mb+U^)Po\\bt, 

whence (f2"2"]h 

This does no£ imply that Vu G L°°([0,T); for the classical result on C alder on- Zygmund 
operators (see e.g. [8], Chap. 3) gives only that 

(23) ||Vu(i)||LP < Cp\\u(t)\\ LP for all p€[2,oo). 

However, because d\uj = An 2 and d\u l = —&2U 2 , Inequalities ([5|) and (|7|) entail that 

(24) v^ll^'HiKHi) < IKIbi + (t + ^)\\e \\ L * for£G[0,T) and (i, j) ^ (2, 1). 

By virtue of Lemma [TBI (see the appendix), we thus get the desired bound for all the components 
of Vu except b\vr . In order to get a suitable bound for b\u , one may use the fact that 
&2U 1 = d\u 2 — u>. Putting together Inequalities (l22j) and (l2~4l) . it is now easy to conclude ■ 

Proof of Theorem [5| : For the sake of simplicity, we restrict ourselves to the case s > 3 so that 
one may use Lemma [7J The case 2 < s < 3 easily follows from the case s > 3 : it is only a 
matter of smoothing out the initial data then pass to the limit. 

So let us assume from now on that s > 3 and let us denote by (6,u) the maximal solution 
supplied by Proposition [U and by T* the lifespan of (9, u). If we assume (by contradiction) that 
T* is finite then Proposition [7J ensures that 

(25) Vue L 2 {[0,T*);VI). 

Remark that the space \/Tj is continuously embedded in the space LL2 defined by 

(26) LLi:={/ e 5VII/ll ia :=-P^<4 
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Indeed, thanks to Bernstein inequality, there exists a constant C such that for all N £ N and 
p £ [2, oof, we have 



(27) ||£VVu|| L oo < C2~||Vn|| LP < C2~y/p- 1 HVu^. 

If we choose p = N + 2 then we get 



(28) ||5ArVn|| L oo < C^/iVTTllVuH^, 

whence the desired embedding. 

It is obvious that LL2 <^-> LL. Resorting to (125j> . we thus get Vu £ L 1 ([0, T*); LL) and 
Lemma [6] ensures that the solution (6,u) may be continued beyond T*. This contradicts the 
definition of T*. ■ 

2.4. Global well-posedness for rough data. In this section, we want to state global existence 
with uniqueness for a class of data as large as possible. Having in mind the previous subsection, 
it seems reasonable to require that 9$ £ L 2 n L°° , that uq £ LT 1 and that wo £ \/L. As those 
regularity assumptions are (formally) conserved by the system during the evolution, we thus 
expect to get a global solution (9,u) such that Vu £ L 2 oc (M + ; \/~L). This would imply that 
u £ L 2 oc (IR + ; LogLip2 ) where LogLip2 stands for the set of bounded functions / such that 

l/(y)-/Qp)l 

SUp j < 00. 

x^y \x — y\ loga (\x — y| _1 ) 
|*-»|<l/2 

The above inequality is an obvious corollary of (|28j) and of Proposition 2.107 in [3]. 

Even though the vector- field u fails to be lipschitz, it has enough regularity so that we have 
9 £ C(R+; H s ~ e ) for all e > if we start from #o m H s for some s £] — 1, 1] (this is in fact 
a consequence of Theorem 3.12 in |12j). These plain observations will lead us to the following 
statement which obviously contains Theorem [1} 

Theorem 8. Let 9q £ L 2 n L°°, and uq £ H 1 with Aiyuq = and loq £ vL. T/ien System (H|) 
admits a global solution (9, u) such that 

9 £ C fe (M + ;L 2 )nC w (M + ;L 00 )nL 00 (IR + ;L 00 ), 

(29) 

u£ C w (IR + ; J ff 1 ), n 2 £ L 2 oc (M+;F 2 ), w £ L£ C (M + ; v 7 !), Vu£ L 2 oc (M + ; VI). 

If in addition 9q £ H s for some real number s £ (0, 1] then 9 £ C(M+; H s ~ £ ) for all e > 0. 
Finally, if s > 1/2 then the solution is unique. 

Proof: The uniqueness is a consequence of Proposition [9] below so let us focus on the existence 
part of the statement. To achieve it, one may smooth out the initial data, (^o? ^o)n£ 

N so as to get 

a sequence (#o,n> ^o,n)neN of -£P° functions which tends to (^o^o) m (say) L 2 x H . Resorting 
to TheoremEl we get a sequence (9 n ,u n ) n ^ of smooth global solutions. Moreover, by virtue of 
Inequalities ©, ©, ^ and (|2"2]). we have 

• (6 , n)n G N bounded in L°°(1R + ; L 2 n L°°), 

• K)neN bounded in L^ C (M + ; L 71 ), 

• (ti 2 )„ e N bounded in Lf oc (R + ; H 2 ), 

• (c4)„ 6 n bounded in L^(R + ;VT). 

As explained in the proof of Lemma (JTj), these proprieties imply that (Vii n ) n6 N is bounded in 
Ll c (R + ;VL). 

Now, taking advantage of the losing estimates proved in Proposition 1161 we deduce that if, in 
addition, #o £ H s for some s £ (0, 1) then, for all e > 0, (# n )neN is bounded in Lf£ c (R + ; H s ~ e ). 
In order to conclude to the existence part of the statement, one may use again a compactness 
argument a la Aubin-Lions as in the proof of Theorem [3l ■ 
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2.5. Uniqueness for rough data. The difference (59,5u,dTl) between two solutions (Oi,ui,Hi) 
and (02,U2,^2) satisfies: 



(30) 



d t 59 + div (u 2 S3) = - div (Su 6%) , 

d t Su + div (u 2 <g> <5u) + div (<5u ui) — i/^&i + Vdl = SB e^. 



First of all, let us notice that if 0\ G L°°([0, T]; i? 7 ) then the right-hand side of the first equation 
is at most in L°°([0, T]; iJ 7- ). As, under the hypotheses of TheoremEl U2 fails to be lipschitz 
but has gradient in L 2 oc (]R + ; y/~L), Proposition[l6]will enable us to bound 59 in i/ 7_1_£ provided 
that div(<5u#i) be bounded in L 1 ([0, T]; ff 7_1 ), a condition which requires a control over the 
L 1 ([0, T]) L°°) norm of Su. If the velocity equation had a full Laplace operator then the resulting 
smoothing effect would be strong enough so as to provide us with a control over this norm. We 
shall see that in the framework of anisotropic viscosity, one can still get an appropriate bound 
for Su in L 1 ([0, T]; L°°) provided 7 > 1/2. In short, we expect to be able to control 59 in 
L°°([0,T]-H^ 1 ) for some (3 G]l/2, 7 [, Su in L°°([0, T]; H a ) and d x 8u in L 2 ([0, T[; H a ) for 
some a G]l/2,/3[. This motivates the following statement which implies the uniqueness part of 
Theorem [HJ 

Proposition 9. Let (6\, ui) and (62,112) be two solutions of ([T]) on [0,T] x IR 2 with the same 
initial data. Assume that Vuj G L 1 ([0, T]; LL2 ) and that there exists some 7 G]l/2, 1[ such that 

9i G L°°([0, T\; L°° n -fT 7 ) and u; G L°°([0, T]; # 7 ) /or i = l,2. 

T/ien i/te too solutions coincide. 

Proof: According to the above heuristics, we have to bound 

59 in L°°(%T\\H p -' 1 ), Su in L°°([0, T];H a ) and ^A* in L 2 ([0,T]; H a ) 

for some fixed (a, 0) such that 1/2 < a < (3 < 7. 

In order to bound 59, one may use Proposition [16] with the vector-field U2- Because 59(0) = 0, 
we have 

\\S3(t)\\ H0 -i < C I ||div(<5u0i)|| H7 -i forall t £ [0,T]. 
Jo 

In order to bound the right-hand side, one may resort to the following Bony's decomposition [5]: 

2 

(31) div(&0i) = div^i+^OMi)) +Y,T dl9l 8u l , 

8=1 

where the paraproduct operator T (resp. reminder operator R) is defined by 

T f g:=J2 Sq^fAqg (resp. R(f,g):=^2A q f(A q ^ 1 g+A q g+A q ^ 1 g)\ 

q \ q ' 

Let us stress that the condition div Su = has been used in order to have the derivative act on 
the left for the first two terms of (|3ip . 

From standard continuity results for operators T and R (see e.g. we have 

\\T du e 1 + R(5u,d 1 )\\ m <C|H| L <»||0i||irr. 
As for the last term, given that 7 — 1 < 0, one can write 

\\Tdi8iSu 1 ||ij-7-i < C||V0i||fl-7-i ||<Sx||z,°°- 

We eventually get 

(32) (JT/s-i) < Cll^ilUfC-ff^ll^llii^)- 

In order to bound &t, one may use Proposition [T71 We get for all t G [0,T], 

INIi?°(H*) + \\9lSa\\ L 2 {Ha) < Cdl^H^^-i) + \\5u • Vlti || L 2(if/3-i)) 

for some constant C depending only on a, /3, f and U2- Using again the Bony decomposition 
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and arguing exactly as for proving ([32]) . we get 

\\8u • Vui\\ H p-i < C\\5u\\l°°\\ui\\ h i3 . 
Therefore, given that ui G L°°([0, T); H p ), 

(33) \\5u\\l™(h<*) + \\9iSu\\ L 2 {Ha) < C(||<»||Lf(jf/5-i) + INIz? (X-))- 

In order to complete the proof of the proposition, it is only a matter of showing that ||<5u|| £ i(£oo) 
may be bounded in terms of ||<5u||lj*>(_h"ci) and of ||5i(it|| i 2(^ a ). This is the only point where the 
assumption a > 1/2 (and thus 7 > 1/2) is going to play a role. First of all, thanks to the trace 
theorem, one may write (with obvious notation) 

H a (M 2 )^L co (R X2 ;H a - 1 2(R Xl )). 

Therefore, one may write 

(34) |H| 1 <C\\5u\\ H <* and ||di<5u|| „_i < C||9i<5u||jf«.. 

As for all a G]0, 1[, Gagliardo-Nirenberg inequality implies that 

||K^ 2 )||l-(m) < C\\Su(;X2)\\ a x H^^-,^)!! 1 --, for all x 2 G R, 

tl 1 (K) H 2 

we have, by combination with (|34p . 

||-5u||l-(R2) < C||^llH«(M2)ll a i (5u ll^ < (K2)" 

Coming back to (|32|) and ([33]) . we deduce that for some constant C depending only on i>, T 
and on the norms of (0i,«i) and (^2^2); we have 

ll^llif < Ct3+f 

57(t) < C(*a||(»[| £f0(jf/S _ij +tfa/(t)) 

with 

57(i) := H&tllLoo^a) + ||0i&x|| L 2 (HQ ). 

Inserting the first inequality in the second one, one may conclude that 5a = (and thus 89 = Q) 
on a suitably small time interval. Finally, let us notice that our assumptions on the solutions 
ensure that 8) G C([0, T]; H^' 1 ) and &i G C([0, T]; // a ). Using a classical connectivity argument, 
it is now easy to get the uniqueness on the whole interval [0, T\. ■ 

3. The case of an horizontal diffusivity 

This section is devoted to the study of System ([2]). In other words, in contrast with the 
previous section, we now assume that the velocity satisfies the incompressible Euler equation 
with buoyancy force whereas the temperature experiences diffusion in the horizontal variable 
only. 

We aim at stating various global existence results for arbitrarily large data. More precisely, 
we first prove that any data #0 £ L 2 an d ^0 £ H 1 with divuo = generates a global weak 
solution with finite energy. The rest of this section is mainly devoted to the proof of Theorem [5J 
As a first step, in subsection 13.21 we state H 1 a priori estimates for the la temperature. In the 
next subsection, we prove a uniqueness result for a large class of solutions. As this uniqueness 
result requires in particular that V0 G L} oc (R + ; L°°) and that Vu G L} oc ([0,T]; L), our next 
task amounts to finding additional regularity conditions on the data which may be propagated 
globally by the system. It turns out that it is possible to propagate some anisotropic Sobolev 
regularity over the temperature, and thus to complete the proof of Theorem [2j 
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3.1. Global weak solutions: the case 9q G L 2 and uq G H 1 . Let us first derive the formal 
energy estimates for System ([2]) in the case 9q G -L 2 and «o £ ■ First, multiply P]) x by 
and integrate over [0,t] x R 2 . We get 

(35) ll^Wllia + 2k f WMWWl, ds < \\e \\ 2 L 2. 

Jo 

Combining this with the standard energy estimate for u yields 

(36) Ht)\\ L 2 < \\u \\ L 2+t\\e \\ L 2. 

In order to get a H 1 bound for the velocity, one may consider the vorticity equation: 

dtuj + u ■ Voj = did. 

Multiplying by uj then integrating with respect to the space variable, we find that 
whence, 

||u;(t)|| L 2 < ||cj ||l2 + / \\di6\\ L 2ds, 

Jo 

(37) < \\u \\ L 2 + ^_\\6 \\ L 2. 

Now, using a Friedrichs method quite similar to that of the proof of Theorem EJ we easily get 
the following statement: 

Theorem 10. Let 9q G L 2 and uq G H 1 with div«o = 0. Then System ([2]) with data (9q,Uo) 
has a global solution (9, u) such that 

9 G C W (R + ;L 2 ), d\9 G L 2 (R + ; L 2 ) and uGC(R+;i^ 1 ). 

3.2. H 1 a priori estimates for the temperature. In the present paragraph, we show that 
one may get (at least formally) a global control over both the H l norm of 9 and of u. 

To start with, let us point out that Inequalities (|35|) . (|36|) and (|37|) provide us with a bound 
for 9 in L°°(M + ;L 2 ), for d x 9 in L 2 (R + ;L 2 ) and for u in L% C (R + ; H 1 ). We claim that if we 
assume in addition that V#o G L 2 then one may bound V9 in L^ C (R + ; L 2 ). Indeed, applying 
operator <9, (i = 1,2) to the equation satisfied by 9 yields 

dtdid + u • Vdi9 + diu ■ V9 - K d 2 di9 = 0. 

Let us multiply this equality by d{9, integrate over M 2 then add up the equalities for i = 1,2. 
Integrating by parts where needed and using the fact that div u = 0, we easily find that 

(38) ^j\W^\\ 2 L2+K\\diV9\\ 2 L 2+ Yj d i 9d j u t d j 9dx = 0. 

1<»J'<2 

For 7^ (2,2), the terms in the above summation are easy to handle. Indeed, taking 

advantage of the anisotropic Holder inequality, one can write 

d l 9d j u l dj9dx < \\Vu\\ L 2\\d 1 9\\ L 2 xiiL ^ ) \\V9\\ L ^ {L 2 x2) . 

Let us admit the following two inequalities (the proof of which is postponed in the appendix): 

(39) ll/ll^(L-)<C||/||i a ||^/||i a and \\fh~ {L g 2 ) < C\\f\^ \\dyf\^. 

Applying these inequalities to d\9 and to V#, and using the fact that [|Vu[|_£,2 = ||u;||^2, we 
deduce that 



/ 



d{9 djU 1 dj9 dx 



<C\\uj\\ L 2\\V9\\ L 2\\d l V9\\ L 2 if (i,j)^ (2,2). 

13 



In order to bound the term corresponding to = (2,2), one may use the fact that d 2 u 2 
— diu 1 and integrate by parts. We get 



d 2 u 2 (d 2 6) 2 dx 



Therefore, thanks to the anisotropic Holder inequalities and to ([39 



d 1 u 1 (d 2 9) 2 dx = 2 / u 1 d 2 9d 1 d 2 9dx 



d 2 u 2 {d 2 9) 2 dx 



< 2||aia 2 0|| L 2||n 1 || iii(iS o ) ||a 2 0|| i?i(ii2) , 

< CllSi^ll^llulllallwIllallflbeillallSiSbeilla, 

< c||n||| 2 ||^n2 2 ||a 2 0||j 2 ||ai9 2 0||| 2 . 



So finally, Young inequality leads to 
[ d i 9d j u i d J 9dx 

l<i,j<2 



<^\\dive\\ 2 L2 + %\\ 2 Ji + H^ 

2 n V ft 



\V9\ 



L 2 ' 



Plugging this inequality in (|38p and using Gronwall lemma, we end up with 



||V0(i)||£ 2 + k / \\d 1 V9{s)\\i 2 ds < ||W ||22 exp 
J o 

Putting together ([35]) . (|36j) and (f37|) . we conclude that 

r-t 

|2 



L0\ 



L 2 



1 + 



II 2 



(40) 



with C(t, k, 9q, uq) 



\\0(t)\\m+ K / l|5ifl(s)||^ids<C(t,K,e ,«o) 







'oil Hi exp 



(7t 



|^o||?2 H — ||^o|Il2 
k 



1 + 



l^oll^a + t ll^o|lx,2 



3.3. A uniqueness result. In this section, we establish a uniqueness result for System ([2j) 
under "minimal" assumptions. In order to motivate those assumptions, let us remind that in 
the isotropic case (that is with a full Laplacian in the temperature equation) which has been 
investigated in [TS], uniqueness is true in the class of C 0,1 (]R + ;L 2 ) solutions which satisfy in 
addition 

(41) V9eL} oc (R+;L°°) and Vu G Lj oc {R + ; L). 

As in the case that we now consider the smoothing effect over the temperature is obviously 
weaker, we expect the conditions leading to uniqueness to be stronger than (I4ip . We shall prove 
the following result: 

Proposition 11. Let (9\,ui) and (9 2 ,u 2 ) be two solutions of ([2]) with the same data. Assume 
that both solutions belong to L°°([0, T]; H l ) D C o>1 ([0, T]; I?) and that, in addition, d x 9 2 G 
L 2 ([0,T];.H' 1 ) and Vu 2 G L 1 ([0,T];L). Then (0i,«i) = (0 2 ,«2) on [0,T] xl 2 . 

Proof: With the usual notation, ((50, 5u) satisfies: 

(d t S9 + ui-Vd9+ div (6u9 2 ) - K d 2 ffl = 
I d t 5u + ui • VSa + &i • Vu 2 = - V&I + $ e 2 . 



From a standard energy method, we get 



(42) 
(43) 



2dt u 1 

1 d ... . 
-— ou 



l 2 2 + K ||ai«|| 2 2 < 



< 



&t • Vit 2 (50 fix 



2cft""~ llL2 

In order to bound the right-hand side of (I42D . one may write 



div (9 2 5u)S9 dx 
+ I £05u 2 dx 



(44) 



div i 



i5u}dx59dx - j 9 2 5u 2 d 2 d9dx. 



The first term is easy to deal with: using Cauchy-Schwarz inequality, we get 



(45) 



9 2 5uid\S) dx 



< \\Hvp2\\L«>\\dld9\\^. 



Next, applying the following inequality (see the proof in the appendix) 

(46) ||0 2 |U« < c'||0 2 ||^ 4 ||a 1 2 ||^||a 2 2 ||^ 4 ||9 1 a 2 ^||^ 4 , 

and using Young inequality, we find that 



(47) 



2 5a\d\S) dx 



The second term of (|44p is more intricate. If we integrate by parts and use the fact that 
div 6u = 0, we get 



9 2 5u z d 2 $ dx = I d 2 6 2 Su z ffldx + J 6 2 d 2 5u z ffl dx, 
d 2 6 2 5a 2 69 dx- J 9 2 di5u 1 S9 dx, 

= ,41+^2 + ^3 

with 

A x := j d 2 9 2 6u 2 Wdx, A 2 := j 9 2 Su L d 1 dSdx and A 3 := J d 1 9 2 du 1 89dx. 

The term A 2 may be bounded according to (|4T|) , In order to bound .A3, we use the anisotropic 
Holder inequality and (|39|) . This leads to 

whence, resorting again to Young inequality, 

(48) |A 3 | < Z\\mh\\W\h\\Oi&h\\b + 1Mb + %\\M\\b- 

The term A\ is the most difficult to deal with. To get an appropriate bound, let us first notice 
that, as div<5u = 0, we may write 

Su 2 = (1 - d 2 )-\5a 2 ) + (1 - dD^drfxdu 1 . 

Therefore, integrating by parts, we get A\ = A\ + A\ + A\ with 

A\ := J{1 -d 2 2 )~ 1 (du 2 )d 2 9 2 d9dx, 



A 2 := - J d 2 (l-di)-\du l ) did 2 9 2 Wdx, 
A\ := - J d 2 (l-d^r\du l )d 2 e 2 di&dx. 



First of all, we have 

i3i / \\a_n «2\-i 



Taking advantage of (|39|) . we get 



||<9 2 (1 - dlr^W^^ < C\\d 2 (l - d 2 2 y\du l )\\l 2 \\d 2 (l - d 2 2 )- l 5a l \\\ 2 < C\\Su\\ L2 
In consequence, thanks to Young inequality, we have 

K, D 
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To deal with A 2 , one may write that, by virtue of (J39]) and of Young inequality 
\A 2 \ < ||52(l-a 2 2 )- 1 &i 1 || i 2 i(LS o ) ||9ia202||L2||»||L-(L2 2 ), 

< gll&l&ll + f ||«||| 2 + f \\wwh- 

Finally, for A\ we have 

1^1 1 < 11(1 -^rH^JIUl^x-jll^llxall^lU-^), 

< c||^|| L2 ||^ 2 || L2 ||«n2 2 ||9 1( »||| 2 , 

< giNiywi^ + f \\m\h + -,\\dimh- 

Putting together all the previous inequalities, we conclude that 

(49) |4i | < ^||fl!i<»||ia+3K||<»||ia + -11^211^1 

Now, inserting Inequalities (|47f) . (I48p and (I49p in ()44|) . we deduce that there exists an integrable 
function f 2 over [0, T] depending only on (62,112) and on k such that 

(50) ^ll»ll! 2 </ 2 (t)iK»»ii! 2 . 

Adapting the well-known Yudovich's argument (see [T7] and [24]). it is now easy to complete 
the proof of uniqueness. Indeed, from Inequality f4*5]) . we get for all p G [2,oo[, 

(si) ^1 |N| * 2 - iiv^mhLini*; 1 + \m\ L 4du\\ L *. 



Setting X £ (i) := &i)(t)\\ 2 L2 + e 2 for e > 0, and using O and §5B), we obtain 

^x £ < p\\v U 2\\l\\H l^xl'" + (i + / 2 )X £ . 

Now, if we set Y £ = X £ exp(— J* *(| + /2(t)) c?t)), we have 

2 a 
p (it 

whence 



-F/ -Y £ <2||V U2 ||l||c5u||£o , 



t \ f 



Y £ (t) < ^ + 2 ^ ||V«2||l||<5u||£«^ 
Having e tend to 0, we discover that for all t G M+, 

||(#»(i)||£ 2 < |Nli r( L°°)(2 _/ l|Vn 2 || L dr 

By Sobolev embedding and thanks to (j23[) with p = 4, we have 
(52) \\5u\\ Loa <C(\\8u\\ L 2 + \\5uj\\ Li ). 

As the assumptions made in the proposition ensure that u>i G L°°([0, T^W 1 ' ) and that Ui G 
L°°([0,T];L 2 ), we deduce that 5u G L°°([0,T] x M 2 ). Therefore, there exists some T > such 
that the right-hand side of the above inequality tend to when p goes to infinity. This yields 
uniqueness on [0, To]. From a standard connectivity argument, it is now easy to conclude to 
uniqueness on the whole interval [0, T] . ■ 
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3.4. Anisotropic a priori estimates. If in addition to the H 1 hypothesis on (9q,uo), we 
assume that ujq £ L' p for some p in [2, oo[, then the vorticity equation 

(53) d t uj + u • Vlu = did 
implies that 

(54) \\u{t)\\ L v < \\coo\\lp + f \\di6\\ L p. 

Jo 

Now, remind that as 9q £ H , a bound for di9 in L 2 oc (W + ; H 1 ) is available, whence also 
in Lf oc (W + ; L p ) by Sobolev embedding. In fact, we even have a more accurate information 
if u>o £ \jL. Indeed, Lemma [T3] ensures that if 1 is continuously embedded in \f~L so that, 
according to (|54p . 

(55) ^ INIIvz + c ^ 

However, this bound (ioes not imply that Vu £ Lj oc (W + ; L) so that one cannot get uniqueness 
by a direct application of Proposition [TTJ In fact, thanks to (|23p . it is obvious that Vu £ 
L} oc (R+;L) provided u £ L} oc (R + ; L 2 n According to ([MI), having S]0 in L 1 (M + ;L 00 ) will 
entail that the vorticity is bounded. 

In order to get this, we shall first show that one may propagate some additional horizontal 
Sobolev regularity for 9. By virtue of Lemma HH (see the appendix), this will enable us to 
estimate d x 9 in L 1 (M + ;L°°) (and even in L 2 oc (R + ; L°°) actually). 

More precisely, we assume from now on that (#o ; ^o) £ H 1 ^ 2 ) and ujq £ vL, and that, in 
addition, |9i| 1+s #o £ L 2 for some s £ (0, |]. In order to propagate the additional regularity, one 
may apply operator |<9i| 1+s to the equation 

d t 9 + u-V9- Kd\9 = 0, 

and take the L 2 (M. 2 ) inner product with |<9i| 1+s #. After integrating by parts, we find that 

(56) ii||| 9l |l+^||2 2+K || ai |2+^||2 2 < |(|^|l+.( u . V 0),|d l | 1 +«e) za |. 

Bounding the right-hand side is the main difficulty. First of all, let us notice that i\d\\ = d\R\ 
where R\ stands for the Riesz operator with respect to the first variable. As \d\\ s is a symmetric 
operator, one may write 

\(\d 1 \ 1+s {u-V9),\d 1 \ 1+s 9) L2 \ = \(d 1 {u-V9),R 1 \d 1 \ 1+2s 9) L2 \<h+I 2 

with 

h :=\(d 1 u-V9,R 1 \d 1 \ 1+2s 9) L2 \ and I 2 := \ (u ■ Vd x 9, R x \di\ 1+2s 9) L2 1. 

The term I 2 is easy to deal with. Indeed, for s £ (0,1/2], we have, according to Holder and 
Parseval inequalities, 

h < lhllL-l|vai^|| L 2|||9i| 1+2 ^|| L 2, 

< IKIIl^IISi^II^x. 

Thanks to (i52j) and by virtue of Inequalities (f36l) , (flOl) and (|55|) , we thus have 

(57) f I 2 {r)dT <C(t,K,9 ,u ) 

Jo 

where, from now on, C(t, k,9o,uo) denotes a positive continuous function depending only on t, 
k and on the norm of (9q, Uq) in H 1 x (H 1 n W l,i ). 

In order to bound the term I\ one may write I\ < l\ + 1 2 with 

I{ := \{d 1 u 1 d 1 9,R 1 \d 1 \ l+2s 9) L2 \, 

I 2 := \{d 1 u 2 d 2 9,R 1 \d 1 \ 1+2s 9) L2 \. 

For l\, as = —d 2 u 2 , integrating by parts yields 

I{ < \(u 2 d 2 d l 9,R l \d l \ l+2s 9) L2 \ + \(u 2 d l 9 1 R 1 \d 1 \ l+2s d 2 9) L2 \, 
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with 

J\ : = \{u 2 d 2 d x Q,R x \d x \ x + 2s Q)^\ and l\ := | [\d x \ 2s {u 2 d x 6) , R^d^O) \. 

In order to bound the term l\, one may combine Holder Inequality and (j52j) . As < s < 1/2, 
we get 

I\ < H£« 1^(911^ IH^I^lUa, 

< c(||«|| £a + 11^11^)11^11^. 

In consequence, by virtue of (|36|) . (fiOj) and ([55]) . we have 

(58) fl\(T)dT<C{t,K,6^u Q ). 

Jo 

As for we use the fact that 

(59) ^IPxpV^IMI^II^. 
Because s € (0,1/2], we have 

whence 

Illd^V^)!^ < ||n 2 9^|| L2 + Ha^V^H^ + ||u 2 <9 1 W|| i2 , 

< IMlLooHftfllUa + l|Vu 2 || L 4||5ie|| i4 + ||n|| L -||Va^|| L 2. 
Thanks to the Sobolev embedding H 1 ^ L 4 and to (J33J), J53J we get 

IPi| 2s (^^)|| L2 < C([|«|| £ =c + Ikll^H^II^. 
Coming back to (I59p and using (I52p . one can now conclude that 

(60) I li{r)dr <C(t,K,0 o ,uo). 



o 



The term I 2 is more intricate to deal with. To start with, we integrate by parts to rewrite this 
term as follows: 



j u 2 d 1 d 2 9R 1 \d 1 \ 1+2s 9dx 



+ 



\d 1 \ s (u 2 d 2 0)\d 1 \ 2+s edx 



from which we get the following bound: 

i\ < l|n 2 |M|cW||L 2 |Pi| 1+2s #|| L2 + IPi! W 2 #)IIl 2 |PiI 2+s 0|Il 2 . 

As s £ (0, 1/2], Young inequality enables us to write 

(61) II < \\u\\wWtm + \ IPil 2+ ^ll| 2 + ^IPil W 2 #)ll! 2 . 

Let us admit (see the proof in appendix) that there exists a constant C such that for all 
s G (0, 1/2] we have 

(62) mwwmWv* < c\\u\\ m (\\d 2 e\\ L 2 + ||0ia 2 0|| L2 ). 

Using (J32D and plugging ([55]) . flUD and ((55]) in (JBTJ), we get 

(63) 



fll(r)dT < C(t,K,9 ,u ) + % f \\\d x \ 2+s e{T)\\l, dr. 
Jo 1 Jo 



It is now suitable to integrate (|56l) with respect to time and to plug (|571) . (|58j) . ([60]) in (|63j) . We 
eventually get for all s £ (0, 1/2], 

(64) \\\9i\ 1+ '\e(t)\\h+K f\\\di\ 2+s 0\\dT< W^y^ +C{t,K,6 Q ,u Q ). 

Jo 

Resorting to Lemma (114p with s± = 1 + s and s 2 = 1, we find that 
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Therefore, by virtue of Inequalities (jlOl) and we get a bound for <9i# in L 2 ([0, t}; L°°) in 
terms of t and of the norms of the initial data. As explained before, this supplies the desired 
bound for the vorticity in L^ C (R + ; L°°). 

3.5. A global existence result. This paragraph is devoted to proving the following result 
(which obviously implies Theorem ([2])): 

Theorem 12. Let (9q,Uq) G H 1 with divuo- System ([2]) has a global solution (9,u) such that 

(9, u) G C W (M.+', H 1 ) and d x 9 G L 2 loc {R + ; H 1 ). 
If in addition ujq G \[L then one may construct a global solution which also satisfies 

W GL£ C (1R + ;VL). 

If in addition u>o G L°° and there exists s G (0,1/2] such that |<9i| 1+s #o G L 2 then the above 
solution is unique, strongly continuous in time with values in H 1 , and satisfies 

\di\ 1+s 9 G C(R + ;L 2 ) and \di\ 2+s 9 G L 2 oc (R + ; L 2 ) . 

Proof: The result may be obtained by means of the Friedrichs method. With the notation of 
the previous section, we solve the following ODE in L 2 n : 

' d t 9 + J n div (J n 9 J n u) - KbfPJ n 9 = 0, 
< d t u + TJ n div (V J n u ® VJ n u) = TJ n (9e 2 ), 
^(9,u)\ t=0 = J n (9 ,u ). 

Cauchy-Lipschitz theorem gives a unique maximal solution (9 n ,u n ) in the space C 1 ([0, T*); L^). 
As J 2 = J n , V 2 = V et J n V = VJ n , we deduce that Vu n = u n , J n u n = u n and J n 9 n = 9 n . 
Therefore (6 n ,u n ) satisfies 

^ 65 ^ \d t 9 n + J n div (9 n u n ) - Kd\9 n = 0, 

I d t u n + V J n div (u n ® u n ) = V J n (9 

n&2)- 

As usual , because operators J n and VJ n are orthogonal projectors in all the Sobolev spaces, all 
the previous formal a priori estimates pertaining to Sobolev norms remind true. More precisely, 
we still have flM]), (J37D and flU so that 

• (#n)neN is bounded in Lf£ c (R + ; H 1 ) , 

• (di9 n )n£N is bounded in Lf oc (R+; H 1 ), 

• (u n ) n &m is bounded in L^ C (R + ; H 1 ). 

This is fully enough to pass to the limit (up to extraction) in System (|65h and to get the first 
part of the theorem. 

In order to construct weak solutions preserving the y/L and the anisotropic regularities, one 
may smooth out System ([2]) by means of an artificial viscosity. More precisely, we first solve the 
following system for e > 0: 

d t 9 + u-V9- Kdf9 -eA9 = 
d t u + u-Vu + VU- eAu = 9e 2 
divu = 

supplemented with smoothed out initial data (9q,Uq). 

Resorting again to the Friedrichs method that has been used in the case e = 0, and noticing 
that the cut-off operator J n does not modify the Sobolev estimates, we get a global solution 

(9 £ ,u £ ) in 

C(M + ;tf 1 )nLL(lR + ;tf 2 ) 

satisfying Inequalities (|37|) and ([40]) uniformly with respect to e. 

Actually, using standard methods, one can check that the H 2 regularity controls higher 
Sobolev norms. As the initial data are in H°°, the solution (9 £ ,u e ) thus belongs to all the 
Sobolev spaces, which will enable us to make the following computations rigorous. 
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The L p estimate over the vorticity may be proved by multiplying the vorticity equation 

d t uj £ + u £ ■ Voj £ - eAuj £ = di0 e 
by \uj £ \ p ~ 2 uj £ , and performing an integration over M. 2 . This gives again 



lp<\\u \\lp+ / \\diO £ \\ LP <\\lo \\ L p + C^\\di9 £ \\ L 2 (H i 
Jo 



It is also clear that all the anisotropic Sobolev estimates remain the same, uniformly with respect 
to e. Therefore, having e tend to yields the end of the existence part of Theorem 1101 

Finally, the uniqueness result is a mere consequence of Proposition [TTJ ■ 

4. Appendix 

4.1. A few inequalities. Here we prove a few inequalities which have been used throughout 
the paper. 

Proof of Inequality (|20f) ; For proving (|20f) . one may split Vu into low and high frequencies 
according to the Littlewood-Paley decomposition. More precisely, for any Af£N one may write 

Vu = S N Vu + ^2 AgVn. 

q>N 

We thus have 

||V?i||l°o < HSatV-uHlcx) + || AqVuHloo , 

q>N 

whence, using the definition of || • an d Bernstein inequalities, 

||Vn|| L oo < (N + l)\\Vu\\ LL + C 2 q \\A q Vu\\ L 2. 

q>N 

Given that [| AgVii[|^2 = ||A g a;||^2 and that 2 — s < 0, we readily get 

||Vn|| L oo < (N + l)\\Vu\\ LL + C2 N( - 2 -^\\u;\\ H s-i. 

Now, if C||o;||_h-«-i < ||Vu||i,£ then taking iV = obviously yields the desired inequality. Else, 
one may choose for N the integer part of 

1 / C \\U) \\jjs-l 

log 2 



s-2 oz V Wv\\ LL 

and we still get the desired result. ■ 

Lemma 13. In dimension two, the Sobolev space H 1 continuously embeds in the space y/~L. 

Proof: For any p £ [2, oof and v E H l , using the Littlewood-Paley decomposition and a 
Bernstein inequality enables us to write 



\v\\lp < ^ ||AgU||iP, 

9>-l 

< C 2-^2*11^11^, 



q>-l 



\>-i ' 

< Cy/p- lHullffl, 



whence the desired result. 



Proof of Inequalities (I39D : For stating the first inequality, the starting point is the following 
classical one-dimensional Gagliardo-Nirenberg inequality: 

(66) \\f( Xl , OHl- < MMt^WMfg. 
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Taking the I? Xl norm of both sides and using Cauchy-Schwarz inequality, we get 

ii/ii^(L ?2 )<cii/ni 2(R2) P2/iii (K2) . 

For proving the second inequality, it is only a matter of swapping the roles of variables x\ and 
X2, and using Minkowski's inequality. ■ 

Proof of Inequality pp]) : From (foT)|) . we deduce that 



Applying the second inequality of (|39l) to / and d%f, it is now easy to complete the proof. ■ 
Proof of Inequality (|62|) ; Obviously, it suffices to state that 

<C\\f\\m{h\\L* + \\di9\\ L *)- 

For proving the above inequality, we first notice that the standard product laws for one- 
dimensional Sobolev spaces ensure that for all fixed X2, we have 

II (/#)(•> ^2) ||tfi/2 {K) < C\\f{-,X2)\\ H i/2 m \\g(-,x 2 )\\m(R)- 

Therefore 

Because the trace operator on x 2 = cste is continuous from H 1 (M?) to // 1 / 2 (IR), we get the 
desired inequality. ■ 

In the last part of the paper, anisotropic Sobolev norms have been used several times. Below, 
we state a sufficient condition under which anisotropic Sobolev spaces are embedded in the set 
of bounded functions. 

Lemma 14. For any couple (si,S2) of positive real numbers satisfying 1/si + l/s 2 < 2 there 
exists a constant C such that 

||u[|x« < C(\\u\\ L 2 + |||di| Sl u|| L 2 + |||d 2 | S2 u|| L 2). 

Proof: Using Fourier variables, we see that 

\m)\\l H K*)< (/a + ieii 2si + i6i 2s2 )is(e)i 2 ^) x ^(i + ^i^ + ^n- 1 ^)- 

Therefore, it suffices to show that 

/(i + icii^ + i^r^oo. 

If we make the change of variable 

6 = (i + l£ 2 | 2s2 )^Ci 

we get 

/(i + I6I 2S1 + l^l 2 * 2 )" 1 d£ = J (1 + M 2s2 Y 1+ ^(i + C^T 1 dd d& 

This integral is finite whenever si > ^ and ^2(1 — 2^7) > \ , a condition which is equivalent to 
1/si + l/s 2 < 2. ■ 
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4.2. Losing a priori estimates. The second part of the appendix is mainly devoted to the 
proof of losing a priori estimates for the following anisotropic Stokes system with convection 

dtw + v ■ Vw — vd\w + VII = f + ge2, 
divw = 



(67) 



in the case where the gradient of the divergence free vector field is only in L 1 ([0, T]; LL? ) 
(where LL? has been defined in (|26p ). Remind that those estimates are the key to the proof of 
uniqueness in Theorem [TJ Albeit similar results have been proved before in [12], we also prove 
losing a priori estimates for ordinary transport equations for the reader convenience. 

The key to the proof of all those losing a priori estimates is the following commutator estimate 
(which is also used in the proof of Inequality (I15p ). 

Lemma 15. Let v be a divergence free vector-field over M. 2 . Let u> := d\v 2 — 82V 1 . There exists 
a positive constant C such that for all q > —1, the term F q (v, p) := S q -%v ■ VA q p — A q (v ■ Vp) 
(with S q -i defined in (|14|) ) satisfies the following estimates : 

(68) \\F q (v,p)\\ L 2 <C||Vu|U«- Y 29 ~ q '\\ A q'p\\^ + \\p\\L^ Y H A HU 2 > 

<?'><?-4 |g-g'|<4 

(69) \\F q (v,p)\\ L 2 < ||VHL 1 ^2-l^'l||A g ,p|| L2 . 



LL2 



In the case p = u>, we have in addition 



(70) \\F q (v,Lo)\\ L 2 <C||Vu|U=o Y 2 <? -"'||A 9 ^|| i2 . 

q'>q-A 

Proof: Decompose F q (v,p) into Fg(v,p) + F 2 (v,p) + F q (v,p) + F q (v,p) with 

Ffo,p) := Y [S q '-iv,A q ] ■ VA q ,p, F 2 (v,p) := Y (S ff _ x - V_i)u ■ VA q A q/ p, 

q'>-l 9'>-l 

F*(v,p) :=-A q (YS q '-id lP A q ,v l ), F}(v,p) := - Y ^ A Jajv* ( Y A^) p\ . 

q'>l ' q'>0 ^ \a\<l ' 

Let us emphasize that only the term F q l involves low frequencies of v. Taking advantage of the 
support properties of the function ip defined at the beginning of Subsection 12. 2\ we notice that 
the summation in the definition of F q l may be restricted to those indices q' such that \q? — q\ < 4. 
Therefore, a standard commutator inequality (see e.g. [I], Chap. 2) ensures that 

(71) \\Fl{v,p)\\ L 2<C Y, ||V^_ lU |M|A</p|| I/2 . 

\q'-q\<4 

For F q (v,p), we obtain, according to Holder and Bernstein inequalities, and to the localization 
properties of the Littlewood-Paley decomposition, 

(72) \\F 2 (v,p)\\ L 2 < C Y IIVAgulliooH^llLa with A g := A 9+a . 

|?'-g|<i |a|<4 

From the definition of operator SV-i, the localization properties of operators A q and Bernstein 
inequalities, we get 

(73) \\F*(v,p)\\ L 2 < Y ^"-^\\A q// p\\ L 2\\A q Vv\\ L ^. 

q'<q+3 

Notice that one can alternately get the following inequality : 

(74) \\Fjj(v,p)\\ L2 <cyu~ Y H A HU 2 - 

\q'-q\<4 
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Indeed, it is only a matter of using that the sum defining F q (v,p) may be restricted to q' > 1 
and thus, according to Bernstein inequalities and to ||VA g /u|| L 2 = ||A 9 'o;||x,2, one may write 

< C||pIIl°°||A 9 /cj|| L 2. 
Finally the term Fg(v,p) may be bounded as follows: 
(75) \\F}\\v>< ^2 2i-o'\\A q ,p\\ L 4VA g ,v\\ L °o. 

q'>q-3 

Because 

HVAqulliao < C||Vu||z°o and ||VA g f|| L oo < CsJq+2 \\Vv\\ i, 



Inequalities (fTTj) to (|75l) enable us to get (|68l) and (169]) . Inequality (I70|) stems from (|68|) . ■ 
One can turn to the statement of losing a priori estimates. For technical reasons, we adopt 
the framework of Besov spaces -BJ oo- As we 

have H a ^ B% ^ and £f ^ <^-> £P for all cr > </, 
it is of course not difficult to rewrite all those estimates in terms of Sobolev norms. 

For the transport equation, we shall prove the following result (in the spirit of [3l I12j). 

Proposition 16. Let p satisfy the transport equation 
(76) d t p + v-Vp = f 

with initial data po G -Bfoo an d source term f G ^([0, T]; -Bf OQ ). Assume in addition that 
divv = and that, for some V G L 1 ([0, T]) we have 

n>o V± + N 

For all s G (—1, 1), there exists a constant C depending only on s such that for all e G 
]0, (s + l)/2[ andte[0,T], we have 

.-. < Cexp(|(^V(r )( ir) 2 ) (\\p \\ B ^ + ||/|| L J (B| oo) ) . 



Proof: Applying A q to Equation (|76p . one may write 

9tV + ViD-VV = A,/ + F,(D,p) with F q (v,p) := S q -!V- VA q p- A q (v ■ Vp). 

Taking the L 2 inner product of this inequality with A q p and observing that divS^iv = 0, we 
thus get 

(78) || A qP {t) \\ L 2 < \\A qPo \\ L 2+ [ \\A q f\\ L 2dT+ I \\F q (v,p)\\ L 2dT. 

Jo Jo 

From Inequality ([69]), we readily get for all e G]0, (s + l)/2[, q > -1 and t G [0,T], 

(79) 2^- e )||F 9 «i) >P (t))|U 2 < Cy/j+2V(t)\\P®\\m- 



for some constant C depending only on s. 

Set 
yields 



Set r] = e/ V(r) dr and s t := s-rj J* * F(r) for i G [0, T). Putting flTH]) and ([79]) together 



2( 2 ^||A^(t)|| i2 < 2^ s \\A q p Q \\ L 22-^^ v ^ dT ' 

+ f 2 {2 ^ || A q f(r)\\ L 22-^ v(r') dr' dT 
Jo 

(80) +C f ^qV{T)2-^£nr')dT' MT) » dr 

Jo 

Notice that if q satisfies 

4C 2 

(81) 2 + q> 



rj 2 log 4 
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then the last term may be bounded by 

- sup ||p(T)|| B 3T 
2 re[0,t] 

whereas if q does not satisfy (fHTj) then it may be bounded by 

/ V{r)\\p{r)\\ B s dr. 

So finally, taking the supremum over q > — 1 in (|80p and using the above two inequalities, we 

get ^ 

sup ||p(r)|| Broo <2||po||fl 3ao +2/ ||/(r)|b roo dr + - / F(r)||p(r)|| B| r dr. 
re[o,t] 2 '°° ' Vo 2 '°° V Jo 2 '°° 

Thanks to Gronwall lemma, we end up with 

cT 



sup \\p{t)\\ B n 
te[o,T] 



< 2e f f° v{t)dt (\\p \\B loo +j o wmwB^dty 



2 

"Poll^co + ll/b}(B| iO0 ) + u ~*\\9\\lub°-J,) 



which entails the desired inequality given that s > st > s — e for all i £ [0, T]. ■ 

A similar result turns to be true for SystemlBTl In addition, owing to the anisotropic viscosity, 
we get an extra horizontal smoothing (which was the key to the proof of Proposition [9] More 
precisely, we have: 

Proposition 17. Let v and s be as in Proposition \16\ Then we have 

\\wm B ^+^\\dM\ LUB s 7 ^ 

< C(l + V^i) exp (j (J V(t) dr 

Proof: Let us first apply operator A q to System (|67|) . With the notation introduced in the 
proof of Proposition [T6l we have 

d t A q w + Sq-tv • VA q w - ud 2 A q w + VA ? n = A q f + A q g e 2 + F q (v, w) 

with F q (v,w) satisfying ([79]) , 

Taking the L? inner product and using the fact that div v = div w = 0, we see that 

(82) ]^ — \\A q w\\ L 2+v\\diA q w\\ 2 L 2 = J A q f ■ A q w dx + J F q (v,w) ■ A q w dx + J A q gA q w 2 dx. 

Assume that q > 0. Taking advantage of Parseval equality, one may write 

J A q gAqW 2 dx = - J(-Ay 1 A q gAA q w 2 dx, 

= - j {-A)- 1 A q gA q dlw 2 dx- j {-Ay 1 A q g A q d 2 w 2 dx. 

As divu> = 0, integrating by parts yields 

jA q gA q w 2 dx = - J(-A)' 1 A q gA q dfw 2 dx + J(-Ay 1 A q gAqd 1 d 2 w l dx, 

= J d l (-A)- 1 A q gA q d l w 2 dx- j d 2 (-A)- 1 A q gAqd 1 w 1 dx. 

Next, applying Bernstein and Young inequalities, we deduce that 

/IS C 
AqgAqw 2 dx < C2-i\\Aqg\\ L 2\\d 1 Aqw\\ L 2 < -\\d x A q w\\ 2 L i + — 2- 2 i\\Aqw\\ 2 L2 . 

Then coming back to (|82p and integrating, we thus get for all q > 0, 

\\ A q W \\l^(L2) + HdlAqW\\ 2 L 2 {L2) < ||A g W ||| 2 

+2\\Aqf\\ 2 LUL2) + 211^(^)11^ + ^2^\\A q g\\ 2 L2t{L2y 
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For q = — 1, we merely have 

\\A^w(t)\\ L 2 < ||A_iu;o|| L 2 + 1^ (||A_i/|| Z 2 + ||A_ l5 || L 2 + w)\\ L ^ dr. 

Of course ||<9iA_iu;|| L 2( L 2) < Ct? || A_iw|| L oc( L 2). So finally, for all q > —1, we have 
+ u^\\d 1 A q w\\ L 2 {L 2 ) 

< 2(l + v^)M|A,«Jo||i2 + ||A 9 /|Li ( z2) + ^MIL^ + ^-2-5||A g5 || i?(i2) V 

With Inequality ([7U|) at our disposal, it is now easy to conclude the proof of the proposition. It 
is just a matter of arguing exactly as in Proposition 1161 ■ 
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